NRI INSTITUTE OF TECHNOLOGY                                              
UNIT-8                                  SIGNALS & SYSTEMS
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Discrete time signal :
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- The discrete time signals are defined at 






  discrete instants of time and are 







  represented by x(n). Where n is an index. 

Amount deposited in bank month-wise
(A discrete time signal) 

· In this case the independent variable is discrete.

· The other type of discrete time signal is obtained by sampling a continuous time signal at regular intervals. This class of discrete signals are used in computers. 


The main / fundamental difference between the continuous and discrete time signals is that in the continuous time signal, the signal is present all the time where as in the discrete time signals, the signal is present only at particular instants of time called discrete intervals of time. 


The discrete time signal is of two types. 

(a) The signal for which the independent variable itself is discrete. 

(b) The signal for which the independent variable is continuous but the values are sampled only at discrete time instances. 

· A discrete time signal is represented as x[n] where ‘n’ is a discrete time independent variable and it takes only integral values. 

Discrete time complex exponential & sinusoidal signals : 

As in continuous time, an important signal in discrete time is the complex exponential signal or sequence, defined by    x[n] = C (n. 

Where C and ( are in general complex numbers. 

· This could alternatively be expressed in the form x[n] = C e(n

 
Where ( = e(. 

Real exponential signals : 
· If C and ( are real, they behave as detailed below. 

· If |(| > 1 the magnitude of the signal grows exponentially with ‘n’. 

· If |(| < 1 we get a decaying exponential. 

· Further if ( is +ve all the values of C (n are of the same sign. 

· But if ( is –ve then the sign of x[n] alternates. 

· If (=1, then x[n] is constant. Where as if ( = -1 then x[n] alternates between +C and –C. 

· Real valued discrete time exponentials are often used to describe population growth as a fn. of generation and total return on investment as a fn. of day, month or a quarter. 



x[n] = C (n 
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Sinusoidal signals : 
· Another important complex exponential is obtained by using the form x[n] = C e(n and by constraining ( to be purely imaginary (so that |(| = 1). Specifically let us consider. 




x[n] = 
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---------- (1) 



This signal is closely related to 




x[n] = A cos ((on + ()
---------- (2) 



With (o and ( with units of radians and n-dimensionless. 
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A cos ((on + () = 
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(1) & (2) are general examples of discrete time signals with infinite total energy but finite power. 

For example 
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 i.e. every sample of the signal contributes 1 & hence total energy is (. 

General complex exponential signals : 
· The general discrete time complex exponential can be written and interpreted in term of real exponentials and sinusoidal signals. 

· Specifically if we write C and ( in polar form. 

x[n] = C (n. 

 

C = |C| eJ(   and   ( = |(| 
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 ; C (n = |C| |(|n  eJ ((+J(n) 


Then x[n] = C (n = |C| |(|n  cos ((on + () + J |C| |(|n  Sin ((on + () 
· Thus for |(| = 1, the real and imaginary parts of a complex exponential sequence are sinusoidal. 

· For |(| < 1 they correspond to sinusoidal sequences multiplied by a decaying exponential. 

· For |(| > 1 they correspond to sinusoidal sequences multiplied by a growing exponential. 

Examples of these signals are shown : 
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General complex exponential signals :

- The general discrete time complex exponential can be written and interpreted in term of
real exponentials and sinusoidal signals.

- Specifically if we write C and o in polar form.

¥ n v (e+:nun7

=|Cle® and a=|o) &.5 cx"= |
Then x[n] = C o" = |C| o cos (won + 0) + T |C| |ar" Sin (w,n + 6)

- Thus for |oe| = 1, the real and imaginary parts of a complex exponential sequence are
sinusoidal.

- For|o| <1 they correspond to sinusoidal sequences multiplied by a decaying exponential.

- For |a| > 1 they correspond to sinusoidal sequences multiplied by a growing exponential.

X[n]=C o

Examples of these signals are shown :

ACch(wen) 1o<| §
e 1{1
For Wi> 1
Growing discrete time sinusoidal signal Decaying discrete time sinusoidal signal

Periodicity of discrete time using complex exponential signals :

There are a no. of differences between continuous time and discrete time signals as there
are many similarities.

- One of the differences in the discrete time exponential ¢’*"
In the case of continuous time signal
¢’ has two main properties.
(1) The larger the magnitude of , the higher in the rate of oscillation of the signal.

(2) ¢’ is periodic for any value of m,.




Growing discrete time sinusoidal signal 

Decaying discrete time sinusoidal signal 
Periodicity of discrete time using complex exponential signals : 


There are a no. of differences between continuous time and discrete time signals as there are many similarities. 

· One of the differences in the discrete time exponential 
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In the case of continuous time signal 
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 has two main properties. 


(1) The larger the magnitude of (o the higher in the rate of oscillation of the signal. 


(2)  
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 is periodic for any value of (o. 

 

Now let us describe the discrete versions of both these properties. 
· The first of these properties is different in discrete time as a consequence of an important distinction between discrete time and continuous time complex exponentials namely. 


Consider the discrete time complex exponential with frequency  (o + 2(. 
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· We see here that the exponential at frequency (o + 2( is the same as that at frequency (o. 

· Thus we have a very different situation from the continuous time case in which the signals 
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 are all distinct for distinct values of (o. 

· In discrete time these signals are not distinct as the signal with frequency (o is identical to the signals with frequencies (o ( 2(, (o ( 4( and so on. 

· So to consider the discrete time complex exponential we need consider only a frequency interval of length 2( in which to choose (o. 


 
So in most occasions we use 0 ( (o ( 2(   or  -( ( (o< (. 


The signal 
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 does not have a continually increasing rate of oscillation as (o is 
increased in magnitude. 

· (Slide). As we increase (o from 0, we obtain signals that oscillate more and more rapidly until we reach (o = (. 

· As we continue to increase (o, we decrease rate of oscillation until we reach (o = 2(, which produces the same constant sequence as at (o = 0. 

· So the low frequency discrete – time exponentials have values of (o near 0 or 2(. And any other even multiple of (. 


While the high frequencies (corresponding to rapid variation) are located near (o = ( ( 
and other odd multiples of (. 



In particular of (o = ( or any other odd multiple of (. 





[image: image13.wmf]n

n

J

Jn

e

e

)

1

(

)

(

-

=

=

P

P




So the signal changes sign at each point in time thus oscillating more rapidly. 
· The second property is about the periodicity of discrete time complex exponential :


For 
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 to be periodic with period N > 0 




We must have 
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Or equivalently 
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(oN must be a multiple of 2(. i.e. there must be an integer m such that 





(oN = 2(m 




Or equivalently 
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· i.e. the signal 
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 is periodic if (o / 2( is a rational number otherwise it is not periodic. 

· Same observations hold for discrete time sinusoids. 

· From above we can also determine the fundamental period and frequency of discrete-time complex exponentials. 

· Here we define the fundamental frequency of a discrete time periodic signal as we did in continuous time. 


That is if x[n] is periodic with fundamental period N. 

· Its fundamental frequency is 2(/N. 

· Consider then a periodic complex exponential 




x[n] = 
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For periodicity, (o must satisfy the condition 
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for some pair of integers m & N. With N > 0. 
· The fundamental frequency of the periodic signal  
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The fundamental period can also be written as N = m 
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Eq. (1) & (2) are different from their continuous time counter parts.  

Comparison of signals 
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	Distinct signals for distinct values of (o. 
	Identical signals for values separated by multiples of 2(. 

	Periodic for any choice of (o. 
	Periodic only if (o = 2( m/N for some integers N>0 and m. 

	Fundamental frequency (o. 
	fundamental frequency (o/m. 

	Fundamental period 

                  (o = 0  undefined 

                  (o ( 0, 
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	Fundamental period. 

                  (o = 0,   undefined 

                  (o ( 0,  
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Z-Transforms : 
The Z-transform of a sequence x(n) is defined as 
· X(Z) = 
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-------- (1) 


Where Z is a complex variable, in polar form Z can be expressed as 




Z = r eJ( 
-------- (2) 



Where r is radius of a circle. 
· If the sequence x(n) exists for n in the range -( to ( then eq. (1) represents two sided or a bilateral Z-transform. 

· On the other had if the sequence exists only for n ( 0 then eq. (1) changes to 




X+ (Z) = 
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Which is called one sided Z-transform. 


Substituting (2) in (1) we have 




X (r eJ() = 
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  = 
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---------- (5) 

· The above equation represents F.T. of a signal x(n) r-n. Hence inverse DTFT of X(r eJ() must be x(n) r-n. 
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Sinusoidal signals :

- Another important complex exponential is obtained by using the form x[n] = C e and by
constraining B to be purely imaginary (so that || = 1). Specifically let us consider.
x[n] = e”"

This signal is closely related to
x[n]=Acos (@on + ¢)  —emeemms @
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With o, and ¢ with units of radiansn-dimensionless.
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So we can write x(n) r-n = 
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Z = r eJ(

Substituting Z = reJ( and d( = 
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dZ = r . eJ( Jd(


x(n) = 
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dZ = JZ d( 











d( = 
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Where 
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 denotes integration around the circle of radius |Z| = r in a counter-clock wise direction. 

Definition : 

The Z-transform of an arbitrary signal x(n) is 



X(Z) = 
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And inverse transform of X(Z) is 



x(n) = 
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The Z-transform X(Z) is a ratio of polynomials on Z-1 given by



X(Z) = 
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The roots of Nr. are the values for which X(Z) = 0 and are called zeros of X(Z) and the roots of Dr are values for which X(Z) becomes ( and are called the poles of X(Z). 

· The Z-transform exists when the “(” converges. 

· The sum may not converge for all values of Z. 
· The values of Z for which the sum of eq. (7) converges is called the region of converge (ROC). 
Ex. 1 : Find the Z-transform and ROC for the signal x(n) = an u(n). 



X(Z) 
= 
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u(n) = 
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Ex. 1 : Find the Z-transform and ROC for the signal x(n) = a" u(n).

o

X@Z) =Y x(n)z”

n—a

&, ” _ 0 for n<0
N Z a'uln) 2 o {1 for nz0

n=—a

This is a geometric series of finite length.
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ROC of example 1

We know that

atar+ar ... (lei ifrf <1 e (10)
=
The summation at eq. (9) converges if [aZ'| or |Z| > [a]
By using (10) we can write

1
X(2)=
@ 1-az™

; ROC |Z|> |a|

Which implies that the ROC is exterior to the circle of radius in the fig.

n
a

@
ie. if z (aZ") has to converge |(aZ )| <1 or Z <1 or |Z|>la|
=0

So the area of ROC is exterior to the circle a as shown in the fit.

Ex. 2 : Determine the Z-transform of the signal -b" u (-n-1). Find ROC

a

X@) =Y xmz”

n=—a





This is a geometric series of finite length. 




Eq. ‘9’ converges when (aZ-1) < 1 

Or  a < Z   or    Z > a








ROC of example 1 


We know that 



a + ar + ar-1 + ……… ( = 
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The summation at eq. (9) converges if |aZ-1|  or  |Z| > |a| 


By using (10) we can write 




X(Z) = 
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Which implies that the ROC is exterior to the circle of radius in the fig. 



i.e.   if   
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So the area of ROC is exterior to the circle a as shown in the fit. 

Ex. 2 : Determine the Z-transform of the signal –bn u (-n-1). Find ROC 



X(Z) 
= 
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u(-n-1) = 1 for (-n-1) > 0 
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- n > 1 

Put n = -1     

= 
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The limits are the highest limit is -1. 


The above series is an infinite series and converges if (b-1Z) < 1    Or   |Z| < |b|. Hence 


X(Z) = 
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That is ROC is interior to the circle of Radius B. 
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ROC of example 2 

Ex. 3 : Find Z-transform of x(n) = an u(n) – bn u(-n-1) & its ROC. 


The given signal is a two sided infinite duration series having values of n from -( to (. 


So
X(S) 
= 
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u(-n-1) = 1 for (-n-1) > 0
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-n-1 > 0
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n + 1 < 0 
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n < -1 

· The first series converges if 
|aZ-1| < 1 or |a| < |Z| or |Z| > |a| 

· The second series converges if   |b-1Z| < 1 or |Z| < |b|

· The two ROC’s do not over lap if |b| < |a| and hence X(Z) does not exist. 

· If |b| > |a| the two ROC’s over lap and X(Z) exists. 


Therefore the ROC for X(Z) is |a| < |Z| < |b|. That is for an infinite duration two sided 
signal the ROC is a ring in the Z plane. 




X(Z) = 
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   ROC   |a| < |Z| < |b| 








          |Z| < |b| 


ROC of a two sided sequence for
     |b| > |a| 
ROC’s of both over lap.  



|b| < |a| 



No over lap 

Properties of Region of convergence ROC : 

1. The ROC is a concentric ring or a circular disc in the Z-plane centered at the origin. 

2. The ROC can not contain any poles. 

3. If x(n) is a causal sequence then the ROC is the entire Z-plane except at Z = 0. 

4. If x(n) is an anti-causal sequence then the ROC is the entire Z-plane except Z = (. 

5. If x(n) is a finite duration two sided sequence then the ROC is entire Z-plane except at Z = 0 and Z =(. 

6. If x(n) is an infinite duration two sided sequence then the ROC will consist of a circular ring in the Z-plane, bounded on the interior and exterior by a ring not containing any poles. 

7. The ROC of an LTI stable system contains the unit circle. 

8. The ROC must be a connected region. 

Ex. Find the Z-transform and ROC of the causal sequence. 


     x(n) = (2, -1, 3, 2, 01, ) 



     (

X(Z) = .x (-1) . Z + x(0) + x(1) . Z-1 + x(2) . Z-2 + x(3) . Z-3 + x(4) . Z-4 + x(5) . Z-5 +…….  


The given sequence values are x(0) = 2, x(1) = -1, x(2) = 3, x(3) = 2, x(4) = 0 & x(5) = 1 

Substituting these values : 

X(Z) = 2 – Z-1 + 3Z-2 + 2Z-3 + 1.Z-5 


The X(Z) converges for all values of Z except at Z = 0. 

Left Hand Sequence : 
Find the Z-transform and ROC of the anti causal sequence. 



x(n) = (3, 2, -1, -4, 1) 





       (

X(Z) = 
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x(0) = 1
x(-1) = -4 








x(-2) = -1 
x(-3) = 2 










x(-4) = 3 


         = + x(-4) Z4 + x(-3) Z3 + x(-2) Z2 + x(-1) Z + x(0) Z0 + …..


X(Z) = 3 Z4 + 2Z3 – Z2 – 4Z + 1 


The X(Z) converges for all values of Z, except at Z = (. 

Two sided sequence : 


     x(n) = [1, 2, 0, -4, 3, 2, 1, 6, 5] 




 
          (

x(0) = 3 ; x(1) = 2, x(2) = 1, x(3) = 6, x(4) = 5 


x(-1) = -4, x(-2) = 0, x(-3) = 2, x(-4) = 1 


X(Z) = 
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   we get 


X(Z) = Z4 + 2Z3 – 4Z + 3 + 2Z-1 + Z-2 + 6Z-3 + 5Z-4 


The X(Z) converges for all values except at Z = 0 and Z = (. 

Z-transform pairs : 

Sequence 
Z
[SLIDE] 


Slide of Page No. 10.13, Table-1

Properties of Z-transform : 

If X1 (Z) = Z{x1 (n)} and X2 (Z) = Z [x2(n)} 

Then 
Z[ax1 (n) + b x2 (n)}  =  aX1 (Z) + b X2 (Z) 

Proof : 

Z[ax1 (n) + bx2(n)] = 
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The ROC of the sum sequence transform is the intersection of the individual transforms. 










R1 ( R2 
2. Time Shifting : 


If X(Z) = Z{x(n)} and the initial condition for x(n) are “0” then 



Z[x(n-m)] = Z-m X(Z) 

Proof : 

Z{x (n – m)} = 
[image: image66.wmf]å
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Let (n –m) = P then n = P + m, Now 



Z {x (n – m)} 
= 
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Z {x (n –m)} = Z-m X(Z) 


If m > 0 the ROC of Z-m X(Z) is the same as that of X(Z) except Z = 0. 

3. Multiplication by an exponential sequence : 

If X(Z) = Z{x(n)} then Z[an x(n)] = X (a-1Z). 

Proof : 

Z[an x(n)] = 
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     = X (a-1 Z) 


The ROC is R1 < |(a-1Z)| < R2      Or    |a| R1 < |Z| < |a| R2 

4. Time reversal : 

If X(Z) = Z{x(n)} then Z{x(-n)} = X (Z-1) 

Proof : 

Z{x(-n)} = 
[image: image70.wmf]å
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Let  -n = l then 


Z {x(-n)} = 
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The ROC is 
|R1| < |Z-1| < R2 


Or 
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5. Multiplication by n : 

If Z{x(n)} = X(Z) then Z{n x(n)} = -Z 
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Z{n x(n)} = 
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In the same way we can define 



Z{nk x(n)} = 
[image: image79.wmf])
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6. Convolution : 

· A very important property in the analysis of discrete time system is convolution property. 

· According to this property the Z-transform of convolution of two signals is equal to the multiplication of their Z-transform. 


 
Z{x(n) * h(n)} = X(Z) . H(Z) 

Where x(n) * h(n) denotes the linear convolution of the sequences. 

Proof : 
Let 
y(n) = x(n) * h(n) then we have




y(n) = 
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Taking Z-transform of both sides ; we have 




Y(Z) = 
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On interchanging the order of summation, we have 




Y(Z) = 
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On replacing (n-k) by l, we have 




Y(Z) = 
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         = X(Z)  H(Z) 

7. Time expansion : 


The signal xK (n) = 
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Then 
Z[xk (n)] = X(ZK)


has (k-1) zeros inserted between successive values of the original signal. 


If 
Z{x(n)} = X(Z) 


Then  
Z{xk(n)} = X(ZK) 

Proof : 
Z[xk (n)] = 
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Let n/k = l then 



Z{xk (n)} = 
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8. Conjugation : 

If 
Z {x(n)} = X(Z) 


Then
Z{x*(n)} = X* (Z*)

Proof : 
Z {x*(n)} = 
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Inverse Z-transform : 

The process of finding x(n) from its Z-transform X(Z) is called the inverse Z-transform and is denoted as follows. 



x(n) = Z-1 {X(Z)} 


There are 4 methods often used to find the inverse Z-transform. 

1. Long division method. 

2. Partial fraction method. 

3. Residue method 

4. Convolution method 

Long division method : 


X(Z) = 
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Eq. (1) has both +ve and –ve powers of Z. 

· If the sequence is x(n) is causal then 



X(Z) = 
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have only –ve powers of Z. 

· If the sequence is non-causal 



Then X(Z) has +ve powers of Z. with ROC  |Z| < r 

· If the X(Z) is ratio of two polynomials


 
X(Z) = 
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We can generate a series in Z by dividing the Nr. by the Dr.  

· If X(Z) converges for |Z| > r then we can obtain series as 



X(Z) = x(0) + x(1) Z-1 + x(2) Z-2 + ……..
· If X(Z) converges for |Z| < r then we can get a sums 



X(Z) = x(0) + x(-1)Z + x(-2) Z2 + …… 




Which is non-causal. 

Ex. 1 : 
If x[n] is causal 

X(Z) = 
[image: image94.wmf]2
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Other method : If x[n] is non-causal 

Z-2 -2Z-1 + 1
2Z-1 + 1
2Z+1 + 5Z2 + 8Z3 + 11Z4 + 14Z5 




2Z-1 – 4 + 2Z 




      5-2Z 




      5-10Z+15Z2 



Since x(n) is non-causal 





8Z-5Z2 



We begin the division with 






8Z-16Z2+8Z3 



higher –ve power of Z. 





      11Z2-8Z3 





      11Z2-22Z3+11Z4 






14Z3-11Z4 






14Z3-28Z4+14Z5 







17Z4-14Z5 


X(Z) = 2Z + 5Z2 + 8Z3 + 11Z4 + 14Z5 + ………. 


x(n) = 

14,   11,     8,      5,     2,       0 
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x(-5)  x(-4)  x(-3)  x(-2)  x(-1)    x(0)  
Partial fraction expansion method : 


X(Z) = 
[image: image95.wmf]N
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· If M is < N and aN ( 0  then the rational function. 


X(Z),  is said to be proper. 
· On the other hand if M ( N then it is an improper fraction. 


i.e.
X(Z) = 
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· The inverse Z-transform of polynomial X(Z) of the above can be easily found. 
· So let us focus on inversion of rational function. 

If
X(Z) = 
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· Multiply Nr. and Dr. ZN to eliminate –ve power of Z. 

Thus 
X(Z) = 
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The poles of Equation : 
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The CK = 
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K = 1, 2, 3, ……..N 


If X(Z) has a pole of multiplicity l, then the denominator (Z – PK)l and the expansion of the form is no longer valid. Let us assume l = 2 and 
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C1 = 
[image: image106.wmf]|

1

)

(

)

(

1

P

Z

Z

Z

X

P

Z

=

-

 
; 
C2 = 
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Cik = 
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Convolution method : 
· In this method the given X(Z) is split into X1 (Z) and X2 (Z) 



Such that   X(Z) = X1(Z) . X2(Z) 

Next we have to find x1(n) and x2(n) by taking inverse Z-transform. 


From convolution property of Z-transform, we know 



Z[x1(n) * x2(n)]  =  X1(Z) . X2(Z)  =  X(Z)


We can find x(n) by convoluting x1(n) and x2(n). 


Given 
X(Z) 
= 
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Let 
X(Z) = X1(Z) . X2(Z) 

Where X1(Z) = 
[image: image112.wmf]1
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( x1(n) = (-1)n  u(n) 


     And    x2(n) = (-2)n  u(n) + 3(-2)n-1  u(n-1) 


x(n) 
= x1(n) * x2(n) 



= (-1)n u(n) * [(-2)n u(n) + 3(-2)n-1 u(n-1)] 



= (-1)n u(n) * (-2)n u(n) + 3(-1)n u(n) * (-2)n-1 u(n-1) 



= 
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  x1(n) 
= (-1)n u(n) 


  x2(n) 
= (-2)n u(n) + 3(-2)n-1 u(n-1) 


  x(n)
= x1(n) * x2(n)



= (-1)n u(n) * [(-2)n u(n) + 3(-2)n-1 u(n-1)] 



= (-1)n u(n) * (-2)n u(n) + 3 (-1)n u(n) * (-2)n-1 u(n-1) 



= 
[image: image115.wmf]å

å

-

=

-

-

-

=

-

-

-

-

-

+

-

-

-

n

n

k

k

n

k

n

n

k

k

n

k

k

n

u

k

u

k

n

u

k

u

)

1

(

)

2

(

)

(

)

1

(

3

)

(

)

2

(

)

(

)

1

(

1

)

(





u(k) 
= 1 for k ( 0 


u(k) 
= 1 for 
k ( 0




u(n-k) 
= 1 for n – k > 0 

u(n-1-k) = 1 for n–1–k > 0  






n > k 




n–1 > k 






k < n 




k < n–1



    
 i.e.
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= (-2)n 
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= (-2)n 
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= (-2)n   2 .  [1 – (0.5)n+1] + 3 (-2)n-1  2 [1 – (0.5)n]  



= (-2)n  2 [1 – 0.5 (0.5)n] – 3(-2)n [1 – (0.5)n] 



= 2(-2)n – (-2)n (0.5)n – 3(-2)n + 3(-2)n (0.5)n 



= 2(-2)n – (-1)n – 3(-2)n + 3(-1)n 



= +2 (-1)n – (-2)n   for  n ( 0 


  x[n]
= [2(-1)n – (-2)n]    for n ( 0 



+  3   
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= 2(-1)n – (-2)n   for  n ( 0 

 
    x(n) 
= [2(-1)n – (-2)n] u(n) 
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